We analyze the structure and stability of the transition layer (or front) that connect the cold neutral medium and warm neutral medium in the plane-parallel geometry. Such fronts appear in recent numerical simulations of thermally bistable interstellar medium. The front becomes the evaporation or condensation front depending on surrounding pressure. The stability analysis was done by long and short wavelength approximations. We find that the plane-parallel evaporation front is unstable under the corrugational deformation, whereas the condensation front seems to be stable. The instability is analogous to the Darrieus-Landau instability of the combustion front. The growth rate of the instability is proportional to the evaporation flow speed and corrugation wavenumber for the modes with wavelength much longer than the thickness of the front, and it is suppressed at the scale approximately equal to the thickness of the front. The timescale of the instability is smaller than the cooling timescale of the warm neutral medium (∼ 1 Myr), and can be as small as the cooling timescale of the cold neutral medium (∼ 0.01 − 0.1 Myr). Thus, the instability should be one of the processes for driving the interstellar turbulence.
INTRODUCTION
It is widely known that low and middle temperature parts of the interstellar medium (ISM) are composed of a thermally bistable fluid owing to balance of radiative cooling and heating due to external radiation fields and cosmic rays (Field, Goldsmith & Habing 1969; Wolfire et al. 2003) . The stable two phases are called the cold neutral medium (CNM) with temperature T ≈ 10 1−2 K and the warm neutral medium (WNM) with temperature T ≈ 10 4 K. Zel'dovich & Pikel'ner (1969) and Penston & Brown (1970) studied a transition layer or front that connects stable two phases assuming plane-parallel geometry. They found that a static solution is obtained when the pressure is so called the "saturation pressure", and steady phase exchange (evaporation and condensation) solutions are obtained when the pressure deviates from it.
From observational point of view, interstellar clouds are characterized by supra-thermal emission linewidths, which can be related to the supersonic internal motion of gas, or "turbulence" in clouds. Recent numerical simulations show that supersonic turbulence in an isothermal or an adiabatic medium decay quickly, i.e. within a crossing time, irrespective of the effect of the magnetic field (Mac Low et al. 1998; Stone et al. 1998; Ostriker et al. 1999) . In contrast, Koyama & Inutsuka (2002) found long lasting turbulent motion of tiny cloudlets in the WNM in their numerical simulation of the two-phase medium that is formed via thermal instability (see also, . Audit & Hennebelle (2005) found similar energetic turbulent motions in colliding flows that is further studied by Heitsch et al. (2005) and VazquezSemadeni et al. (2006) . However, detailed analysis of the mechanism for maintaining turbulent motions remains to be done.
The two-phase evaporation front is analogous to the combustion front. The combustion front is corrugationaly unstable, and it is called "Darrieus-Landau instability" (DLI, see, e.g., Landau & Lifshitz 1987; Zel'dovich et al. 1985) . From experiments and numerical simulations of the chemical and nuclear flames, DLI develops into turbulence in the non-linear stage, and the turbulence leads to acceleration of combustion (Sivashinsky 1983; Niemeyer & Hillebrandt 1995; Blinnikov et al. 1995) . It is also known that, there is similar instability in the evaporation front under the discontinuous front approximation (Aranson et al. 1995; Inutsuka et al. 2005) . Thus, the instability is expected to be a driving mechanism of the turbulence in the two-phase medium.
However, in the framework of discontinuous front approximation, we cannot determine the most unstable scale of the instability and its growth timescale owing to the neglect of the thickness of the front. Therefore, in this paper, we study the linear stability analysis of the two-phase front by taking into account the effect of finite thickness of the front.
The paper is organized as follows. The steady smooth fronts that describe the structure of the transition layers are calculated numerically in §2. In §3, we briefly review the linear stability of the front under the corrugational deformation in the framework of discontinuous front approximation which corresponds to the long wavelength limit analysis. Then, the linear stability of the smooth transition layers that are obtained in §2 are studied under the isobaric approximation that would give an appropriate result for small wavelength modes. Finally, we summarize our results and discuss their implication in §4.
STRUCTURE OF STEADY FRONTS
We start with fluid equations describing the dynamics of an unmagnetized, optically thin ideal gas of density ρ, temperature T , pressure p, and velocity v, which is heated externally and cooled radiatively,
where L is the net cooling function, κ is the thermal conductivity, γ is the specific-heat ratio, R is the gas constant, and µ is the mean molecular weight. We adopt the following simplified cooling function
Λ = 7.3 × 10 −21 exp −118400 T + 1500 + 7.9 × 10 −25 exp −92 T ergs cm 3 s −1 . Figure 1 shows equilibrium state of this cooling function (L(n, T ) = 0) in the number densitypressure plane. The two-phase structure is possible under the circumstance of 10
4.1 for this choice of the simplified cooling function.
In this section, we consider the steady state transition layer (or front) that connect the CNM and WNM in the plane-parallel geometry, where the CNM and WNM are in radiative equilibrium state (L = 0). From equations (1)-(3), the left and right hand state of the front have to satisfy the following conservation laws.
where brackets represent a difference across the front ([F ] = F (x = ∞) − F (x = −∞)), and
is net acquired energy due to external heating and radiative cooling. Shchekinov & Ibàñez (2001) give a detailed study of solutions of equations (9)-(11). In the ISM, the following three types of solutions are important.
(1) The evaporation solution: The CNM acquires energy through the front and evaporate to the WNM. This is obtained by choosing left (right) hand state is the CNM (WNM) and Q > 0.
(2) The condensation solution: The WNM losses energy through the front and condenses to the CNM. This is obtained by choosing left (right) hand state is the WNM (CNM) and Q < 0.
(3) The saturation solution: static solution when external heating and radiative cooling are balanced inside the front (Q = 0).
Solutions Connecting Two Radiative Equilibrium States
In this section, we calculate the structure of the fronts that connect the CNM and WNM. The energy equation (3) can be rewritten into the following form
where d/dt = ∂/∂t+v·∇. We seek for one-dimensional solution that satisfies thermal equilibrium state at infinity
where subscripts 1 and 2 denote the values at x = −∞ and x = ∞, respectively. Omit the y, z and time dependence of variables, and integrate equations (1), (2) with respect to x, we obtain the basic equations which correspond to three conservation laws:
where v is the x-component of the velocity. From equations (16), (17), (4), velocity, pressure and density are expressed by temperature, a mass flux j and a total momentum M.
Density ρ 1 and temperature T 1 at x = −∞ are obtained by a solution of equation (14), if pressure at x = −∞, p 1 is given. Then, the total momentum is expressed as a function of the mass flux and given pressure at x = −∞, M = M(j, p 1 ), and the boundary conditions
are imposed on equation (18). Equation (18) is a second-order ordinary differential equation with respect to T , whereas three boundary conditions (22) and (23) are imposed on it. Therefore, it has a solution only when the mass flux j is tuned as an eigenvalue of the solution, and j is expressed as a function of p 1 (Shchekinov & Ibàñez 2001 ).
In the case of static front, i.e., j = v = 0, equation (18) can be transformed as follows (Zel'dovich & Pikel'ner 1969 , Penston & Brown 1970 :
Equation (24) expresses the balance of cooling and heating inside a static front. The pressure which allows such a static structure is called the saturation pressure. Substituting equations (6)- (8) into (24) and solving it, we obtain the saturation pressure p s /k B = 2612 K/cm 3 for our choice of cooling function. If p 1 is higher (lower) than the saturation pressure, fluid elements that passes through the front are cooled (heated) inside the front net. Thus, such a front becomes the condensation (evaporation) front.
We numerically solve equations (16)- (18) with boundary conditions (22) and (23). We set the CNM as state 1. The dominant contribution to thermal conductivity is due to neutral atoms, so that we use κ = 2.5 × 10 3 T 1/2 ergs/s/K/cm (Parker 1953) . We plot the solutions on the number density-pressure diagram and temperature structure at which p 1 = 1500, 2000, 2612, 4000 K/cm 3 in Figure 1 and Figure 2 respectively. The structure of temperature, pressure, number density and velocity at which p 1 = 1500 K/cm 3 are plotted in Figure 3 .
Figure 1 and 3 show that the structure is almost isobaric. It is due to the small Mach number of the flow (typical Mach number is M ≃ 10 −2 ). From equation (16) and (17), pressure difference of the CNM and WNM is
where subscripts w and c denote the values at the WNM and CNM respectively, c = γ R T /µ is the sound speed, and we use a fact that v w ≫ v c .
From equation (18), the thickness of the front is determined by the Field length l F (Begelman & McKee 1990; Ferrara & Shchekivov 1993) ,
It is a function of local variables. Therefore it takes different values in the CNM and WNM.
This property is seen in Figure 2 and Figure 3 . The total thickness is essentially determined by the Field length in the WNM, l F,w .
In Figure 4 , we plot the the mass flux j and the velocity of the WNM v w as a function of p 1 for upper and lower panels respectively. The typical evaporation flow speed is on the order of 0.1 Km/s in this kind of solutions that connect two radiative equilibrium states.
Solutions with Finite Spatial Extent
We can obtain larger evaporation flow speed (or smaller condensation flow speed), if we change the boundary condition (22) to higher CNM temperature without changing p 1 , and impose the boundary conditions of the CNM at finite distance from the front. When such conditions are imposed, the CNM is no more a thermal equilibrium state L(ρ c , T c ) = 0. The left upper and lower panels of Figure 5 shows, respectively, the temperature structure and n − p diagram of the infinite and finite spatial extent solutions at which p c = 1200 K/cm 3 . The CNM temperature and evaporation flow speed are T c = 250K, v w = 0.34 Km/s for finite spatial extent solution, and T c = 35.5K, v w = 0.14 Km/s for infinite one. In both solutions, the WNM temperatures are the same. From the left lower panel of Figure 5 , the net heating of the fluid element that passes through the front for the finite spatial extent solution is stronger than the infinite one, because cooling becomes weaker. Thus the evaporation flow speed becomes fast, when the CNM temperature is larger than the thermal equilibrium temperature.
Of course, we can obtain lower WNM temperature solution, if we impose the boundary conditions of the WNM at finite distance from the front. In that case, condensation flow speed becomes large (or evaporation flow speed becomes small), due to the stronger net cooling (weaker heating) inside the front. The right upper and lower panels of Figure 5 shows, respectively, the temperature structure and n − p diagram of the infinite and finite spatial extent solutions at which p c = 4000 K/cm 3 . The WNM temperature and condensation flow speed are T w = 5000K, v w = −3.73 × 10
Km/s for finite spatial extent solution, and T w = 8115K, v w = −3.02 × 10 −2 Km/s for infinite one. In both solutions, the CNM temperatures are the same. These kinds of the solutions are naturally realized in dynamical environments.
We plot the evaporation flow speed v w vs temperature of the CNM in the case that p 1 /k B = 1000, 1200, 1500, 2000 K/cm 3 in Figure 6 . The evaporation flow speed can be as large as 1 Km/s.
In §3, we will see that the growth rate of the DLI (equation (48)) is proportional to the evaporation flow speed v w . Thus, this effect makes DLI more effective.
STABILITY OF PHASE TRANSITION LAYERS

Long Wavelength Approximation
In this section, we focus on the perturbations of the scales much larger than the thickness of the front (Field length) , so that we treat the transition layer as a discontinuous front. The effect of the finite thickness of the transition layer is considered in the next section.
We assume that the discontinuous front is located at the plane x = 0, direction of the flow is parallel to the x-axis, and we choose a reference frame that moves together with the front. The unperturbed state satisfies the jump conditions (9)-(11). As stated in the previous section, the jump conditions allow the three types of solutions, i.e., evaporation, condensation and saturation solutions. In the following, we carry out linear stability analysis of these fronts under a corrugational deformation. The situation is schematically illustrated in Figure 7 . We assume perturbations of the fluid in both sides of the front are incompressible, because the flow speed is sub-sonic in either region. The basic perturbed equations of the fluid are
where subscript 1 and 2 denote the left (x < 0) and right (x > 0) hand sides of the unperturbed state respectively, and we assume that perturbation is ∝ e i (kx x+ky y−ω t) . From equations (30)- (32), pressure and the x-component velocity perturbation can be expressed by the y-component velocity perturbation.
at the left hand side of the front, and
at the right hand side, where k Let us consider matching conditions of the perturbations at the front. The perturbation of the position of the front can be expressed as δx f ∝ e i (ky y−ω t) , thus the velocity perturbation nomal and tangential to the front are given by
The matching conditions of the front are perturbed version of mass and momentum flux conservation laws
We modify the equation (41) from the following physical reasons. The discontinuous approximation can be justified when we consider perturbation whose wavelength is longer than the thickness of the front, and its structure is not almost deformed under such a perturbation. Thus, the mass flux passes through the front would not changed, because it is determined by the structure of the front (eq. (12))
Substitute equations (33)- (40) to (42)- (44), we obtain the characteristic equation
y , δv
where r d = ρ 2 /ρ 1 = v 1 /v 2 is a compression ratio of region 1 and 2. Take a determinant of matrix M, we obtain the dispersion relation of the front,
In the case of the evaporation, r d = ρ w /ρ c < 1, and the case of the condensation, r d = ρ c /ρ w > 1. Thus, the evaporation front is unstable, and the condensation front is stable. Note that there is a similar instability in the combustion front, and it is called "Darrieus-Landau instability" (DLI, see, e.g., Landau & Lifshitz 1987) . The similarity of the evaporation and the combustion front can be understood, when we imagine that the CNM is the cold fuel, the WNM is the hot exhaust, and Q is released energy by combustion.
From equation (48), the growth rate of the instability is proportional to the wavenumber of the corrugation k y . Therefore the most unstable scale is infinitesimal, and we cannot estimate the physical scale of the instability and its growth time. It is due to our neglect of the thickness of the front.
To obtain more realistic dispersion relation, Aranson et al. (1995) considered a curvature effect of the front (see, Graham & Langer 1973; Aranson et al. 1995; Nagashima et al. 2005) , and changed the right hand side of the equation (44) to a k y , where a is a mass flux variance due to the curvature effect. It stabilizes the front for the short wavelength modes. The effect is also known as "Markstein effect" for the combustion front (Markstein 1964; Zel'dovich et al. 1985) .
However, the most reliable analysis for determining realistic dispersion relation is to consider the thickness (characteristic scale) of the front to the analysis. By doing so, we can account for the effects of thermal conduction and thermal stability inside the front that were lost in the discontinuous front approximation. In the following section, we thus study the effect of the thickness of the front.
Short Wavelength Approximation
In this section, we study the linear stability of the transition layer obtained in §2.1. However, it is difficult to carry out the analysis without approximation. Thus, we consider perturbation whose wavelength is much shorter than the acoustic scale. The acoustic scale l a is defined as c s t c , where c s is the sound speed and t c is the characteristic cooling (or heating) timescale. Normally, the acoustic scale is longer than the Field length; l a,w ∼ 10 pc in the WNM and l a,c ∼ 0.1 pc in the CNM. In such a small-scale modes, pressure balance sets in rapidly, and perturbations of thermodynamical variables (temperature and density) are important. On the other hand, perturbations of fluid dynamical variables (pressure and velocity) are important, when we consider large scale modes that are studied in §3.1.
We assume isobaric perturbation of the front. The basic equations are perturbed version of equation (13) and (4) of themodynamical valuables.
where a subscript 0 denotes unperturbed variables, D = d/dx is a differential operator, and we write
We assume that a perturbed physical variable f takes the following form.
Since the unperturbed state is spatially uniform at infinity, we can obtain asymptotic solutions assuming the solutions proportional to e χ x . From equation (49) and (50), χ is determined by the following polynomial.
We seek for the localized solution around the front that vanishes at infinity. Therefore, the asymptotic boundary conditions are
far from the front in the CNM, and
far from the front in the WNM, where C 1 and C 2 are constant, and Re[χ c ] > 0 and Re[χ w ] < 0. To avoid the freedom which translate the amplitude of the perturbation, we fix the C 1 . The solution can be obtained, if k y is given and n and C 2 are eigenvalues of the equations (49) and (50) with the boundary conditions (53)- (56).
The eigenvalue problem has infinite number of solutions (eigenmodes). In this analysis, we are not interested in overstable modes. Therefore, we search solution whose growth rate n is real. We numerically solve the eigenvalue problem with a given wavenumber. The dispersion relations of the most unstable eigenmodes are plotted in Figure 8 at which p c /k B = 1500, 200 , 3000 K/cm 3 .
In the case of the evaporation, there is an unstable wavenumber range, whereas all range is stable in the case of condensation. In all the case, eigenfunctions do not have a node, i.e., the solutions are fundamental modes. The timescale of the instability is roughly on the order of the cooling timescale of the WNM t c,w ∼ 1 Myr or shorter. The instability is stabilized at the scale approximately equal to the thickness of the front l F,w ∼ 0.1 pc. It is due to thermal conduction. In the isobaric approximation, results for wavelengths comparable to or longer than the acoustic scale are not valid. We expect that the growth rate is suppressed at the longer wavelength as in equation (48), if we would not use isobaric approximation.
SUMMARY AND DISCUSSION
We have done linear stability analysis of steady transition layer that connect the CNM and WNM in the limits of both long and short wavelength approximations. Our results show that the evaporation front that is formed when surrounding pressure is lower than the saturation pressure is unstable under the corrugational deformation, whereas condensation front seems to be stable.
The result of the long wavelength approximation (discontinuous front approximation), equation (48), shows that the growth timescale of the instability t grow is inversely proportional to the flow speed of evaporation v w and corrugation wavenumber k y ,
where λ = 2 π/k y is the wavelength of the corrugation. A typical density contrast in the ISM is about a hundred, r d = 0.01. The results of the short wavelength approximation (isobaric approximation) show that the instability is stabilized at the scale of the thickness of the front ∼ 0.1 pc that is essentially determined by the Field length of the WNM.
We plot the dispersion relation of both the long and short wavelength approximation at which p c /k B = 1000 K/cm 3 in Figure 9 . The dotted and dashed lines are, respectively, the dispersion relation of long and short wavelength approximation. The solid line is a schematic dispersion relation that is expected to be obtained by the analysis without approximation. From Figure 9 , we expect that the most unstable scale would be about twice the stabilized scale. For that scale, the growth timescale of the instability is comparable to the cooling timescale of the WNM (∼ 1 Myr).
The growth timescale can be shorter in dynamical environment owing to the finite spatial extent effect as studied in §2.2. The evaporation flow speed becomes as large as 1 Km/s. For that flow speed, from equation (57) ,the growth timescale can be as small as cooling time scale of the CNM (∼ 0.1 − 0.01 Myr). Therefore, the instability is expected to grow within a dynamical timescale of the ISM (∼ 1 − 10 Myr), and may drive a turbulent two-phase medium in the non-linear stage as in the combustion front. Koyama & Inutsuka (2002) and Audit & Hennebelle (2005) have reported the two-phase turbulence in thier numerical simulations of the thermally bistable medium. They claimed that the turbulence is driven by thermally unstable gas that is generated by shock propagation (Koyama & Inutsuka 2002) or converging flows (Audit & Hennebelle 2005 ; see also Heitsch et al. 2005; Vazquez-Semadeni et al. 2006) . Our result provides a possible self-sustaining mechanism of the interstellar turbulence, if the instability is effective enough to drive the two-phase turbulence. A detailed study of the non-linear behavior of the instability will be shown in our next paper.
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